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Abstract

Introduction: Liquid water exhibits correlated density, thermodynamic, dielectric, transport, structural, and
phase-boundary anomalies that are commonly described by separate phenomenological variables. This work
asks whether a single internal protonic order parameter can provide a common parent architecture for the
broader anomaly landscape.

Materials andmethods: A local hydrogen-bond unit is represented by the direct product of left/right proton lo-
calization and a binary torsional-sign sector, giving a four-component internal protonic pseudospinor. Its bilinear
projections define torsional, tetrahedral/crystallinity, and polarization sectors, which are coupled to the hydro-
dynamic density deviation. These fields enter a Landau–Ginzburg effective Hamiltonian with density–torsion,
torsion–crystallinity, and torsion–polarization couplings. The observed equation-of-state density stiffness is
distinguished from the bare coefficient of the coupled fluctuation Hamiltonian, and the torsional crossover is
rounded at the finite coarse-graining resolution so that its susceptibility remains finite.

Results: The calculations provide sector-level comparisons rather than an independent validation of a common
mediator. Density and compressibility are equation-of-state calibration anchors; heat capacity is evaluatedwith
the prescribed rounded torsional stiffness; the broadband dielectric spectra are normalized to the measured
10 GHz loss and use stated temperature-specific composite relaxation times; the isotope-derived memory
increment is transferred to viscosity; and the phase branch is a calibrated boundary proxy. Eliminating the
centered torsional fluctuation nevertheless derives a rank-one coupling matrix in which density–crystallinity,
density–polarization, and crystallinity–polarization cross-responses would share 𝜒𝑞(𝑇) = 𝑎𝑞(𝑇)−1. No direct
mixed cross-response dataset is used here to test that prediction.

Conclusions: The protonic pseudospinor is proposed as an auditable organizing architecture for correlated
liquid-water anomalies. Its common four-state origin, bounded admissible state space, and factorized 𝑞-
mediated coupling structure are the principal theoretical contributions. The rank-one shared-𝑞 response is
a falsifiable prediction, not a validation established by the present sector-level comparisons. Independent
evaluation requires a fully numerical prespecified 𝑞-sector and response maps, joint estimation, and held-out
measurements of mixed density–polarization, density–crystallinity, or crystallinity–polarization responses.

Keywords: water anomalies; proton tunnelling; spinor order parameter; Landau–Ginzburg theory; dielectric loss;
hydrogen-bond network
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1. Introduction

Water is anomalous not because it has one unusual property, but because density, thermodynamic, dielectric,
dynamical, and phase-boundary observables deviate together from the expectations for ordinary molecular
liquids. Finney’s historical review frames this as a long-running structural problem in water science, while recent
spectroscopy and ultrafast-scattering work sharpen two specific pieces of that problem: nuclear/electronic
structure in the hydrogen-bond network and the possible liquid–liquid transition in deeply supercooled
water [1–5]. The gap addressed here is therefore not the absence of isolated explanations, but the absence of a
compact order parameter that can connect thermodynamic, dielectric, dynamical, and phase-sector behavior
within one framework.

Existing models capture important subsets of this behavior. Two-state, locally favored-structure, and liquid–
liquid critical-point (LLCP) descriptions connect density and compressibility anomalies to competition between
local structures [6, 7]. Recent structural-indicator, finite-size, and large-scale simulation studies further refine
how such a transition should be located, interpreted, or challenged in realistic water models [8–13]. These
approaches have clarified much of the phenomenology, but they do not by themselves provide a single
low-dimensional parent structure that links hydrodynamic density response, protonic/torsional dynamics,
polarization, and incipient crystallinity.

A major organizing idea in the literature is that several water anomalies are not independent irregularities, but
correlated response-function anomalies. In liquid–liquid and Widom-line descriptions, competition between
high-density and low-density local structures links thermodynamic response maxima, structural fluctuations,
scattering signatures, and dynamical crossovers [3, 4, 7, 8]. The present work keeps this cluster-based viewpoint,
but replaces a purely scalar two-state description by a protonic spinor order parameter whose invariant fields
couple density, torsional order, polarization, and incipient crystallinity.

Recent quantum-based work motivates treating protons and local fields as central rather than secondary
variables. Advanced vibrational spectroscopy now directly links charge transfer and nuclear quantum effects
to the hydrogen-bond network [2]; machine learning and ab initio approaches are extending the accessible
scale of electric-field response calculations [14]; field-driven polarization can be thermodynamically distinct
from crystallization [15]; electrofreezing simulations report field-induced freezing behavior in bulk water [16]; and
high-accuracy free-energy calculations of autoionization emphasize the Grotthuss mechanism and solvent-
separated protonic states [17]. These studies are microscopic in character. They do not provide the same kind
of bulk coarse-grained phenomenology developed here, but they strongly motivate an effective theory in which
proton localization, torsional sign, local fields, and network rearrangement are coupled from the outset.

The proposal in this article is that the minimal coarse-grained carrier of that information is a four-component
protonic pseudospinor order parameter. The word “spinor” is used here in a restricted internal-order-parameter
sense: the local basis is acted on by Paulimatrices in the proton-localization and torsional-sign subspaces, giving
an internal SU(2)𝜎 × SU(2)𝜏 algebra. It is not a claim of electronic spin, spinor Bose–Einstein-condensate (BEC)
physics, or double-valued transformation under physical spatial rotations. A hydrogen-bond proton supplies a
left/right localization degree of freedom in an O–H⋯O double well. Reorientation about the O⋯O axis supplies
a second binary degree of freedom, represented at the coarse-grained level by a torsional-sign sector. Their
direct product gives four local basis states. Coarse-graining the corresponding local amplitudes gives a complex
four-component field Ψ(𝑟), whose physical content is extracted only through bilinears.
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The purpose of the paper is not to claim that this construction is a complete microscopic Hamiltonian for
liquid water. Rather, the question is deliberately mesoscopic: can Ψ provide a common parent architecture
for the anomaly landscape, while representative observables are described transparently through sector-
specific calibration and response maps? The model does not compute individual molecular trajectories. It
computes thermodynamic and linear-response quantities derived from a continuum effective Hamiltonian for
the hydrogen-bond network. Thus the quantum language enters through the local protonic/torsional basis
and through the proton-kinetic gradient stiffness, while the working theory is a classical coarse-grained
Landau–Ginzburg calculation.

The supplementary materials are organized in explicit numerical order. Table S1, Table S2, and Table S3
summarize the field conventions, invariant inventory, and dimensional checks; Table S4 and Table S5 give
the coefficient inventory and crossover-profile sensitivity; Table S6 and Table S7 report the residual audits;
Table S8 lists prospective discriminating tests; and the separate anomaly ledger is Table S9. Figure S1
presents the auxiliary transport comparison. The supplementary derivations are likewise organized sequentially:
Equations (S1), (S2), (S3), (S4), (S5), (S6), and (S7) define the local unit and gradient scale, Equations (S8), (S9),
(S10), (S11), (S12), (S13), (S14), (S15), (S16), (S17), (S18), (S19), (S20), (S21), (S22), (S23), (S24), (S25), and (S26)
define the bilinears and admissible domain, Equations (S27), (S28), (S29), (S30), (S31), (S32), (S33), (S34),
and (S35) specify the effective Hamiltonian and coefficient functions, and Equations (S36), (S37), (S38), (S39),
(S40), (S41), (S42), (S43), (S44), (S45), (S46), (S47), (S48), (S49), (S50), (S51), (S52), (S53), (S54), (S55), (S56),
and (S57) give the observable and phase-sector relations.

For the main text, Equations (1), (2), (3), (4), (5), (6), and (7) define the local basis and invariant fields;
Equations (8), (9), (10), (11), (12), (13), (14), (15), (16), (17), (18), (19), (20), (21), (22), (23), and (24) define the
Hamiltonian, shared-mediator structure, and coefficient functions; Equations (25), (26), (27), (28), (29), (30),
(31), (32), (33), (34), and (35) give the comparison formulas and phase-sector proxy; and Equations (36), (37),
(38), (39), and (40) connect the construction to projected critical scattering and atomistic calibration.

The rest of the paper follows that logic. Section 2 defines the local four-state unit, the invariant fields,
the effective Hamiltonian, and the calibration and calculation workflow. Section 3 presents the den-
sity/compressibility/dielectric calibration backbone, heat-capacity and broadband dielectric comparisons, the
isotope endpoint, and the phase-sector proxy calculation. Section 4 relates the construction to two-state and
LLCP descriptions, identifies its phenomenological elements, and states the empirical status and falsification
criteria of the shared-𝑞 prediction. The separate Table S9 is a coverage and hypothesis ledger rather than an
evidence count; it distinguishes numerical comparisons from mechanistic mappings, contextual associations,
and prospective tests.

2. Materials and methods

2.1. Local quantummodel and coarse-graining

2.1.1. What exactly is being modeled?

The modeled object is a mesoscopic hydrogen-bond network, not an isolated water molecule and not an
atomistic molecular-dynamics trajectory. A local hydrogen-bond unit is assigned two binary variables:

1. proton localization, represented by left/right states |L⟩, |R⟩ along an O–H⋯O double well.
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2. torsional sign, represented by two inequivalent reorientation sectors |+⟩, |−⟩ associated with motion about
the O⋯O axis.

This reduced local basis is not intended to replace atomistic descriptions; it is a coarse-grained representation
of the protonic and hydrogen-bond degrees of freedom emphasized by recent nuclear-quantum, charge-
transfer, and autoionization studies [2, 17]. The local basis is therefore

{|L, +⟩, |L, −⟩, |R, +⟩, |R, −⟩} (1)

A coarse-grained volume containing many such bonds is described by complex amplitudes in this four-state
manifold,

Ψ(𝑟) = ⎛
⎜

⎝

𝜓L+(𝑟)
𝜓L−(𝑟)
𝜓R+(𝑟)
𝜓R−(𝑟)

⎞
⎟

⎠

(2)

The experimentally relevant variables are not the four amplitudes themselves, but rotationally invariant coarse-
grained fields constructed from them and from the hydrodynamic density.

2.1.2. A minimal local Hamiltonian

A minimal single-bond Hamiltonian that motivates the four-state structure is

ℋbond =
𝜖
2𝜎𝑧 +

Δ
2𝜎𝑥 +

Ω
2 𝜏𝑧 + 𝑢 𝜎𝑧𝜏𝑧 − 𝑑 ⋅ 𝐸⃗ (3)

Here 𝜎⃗ acts on the left/right proton-localization subspace, 𝜏 acts on the torsional-sign subspace, 𝜖 is an
instantaneous asymmetry of the double well, Δ is the tunnelling splitting, Ω is the torsional-sign bias, 𝑢 couples
proton localization to torsional sector, and 𝑑 is the local dipole. Equation (3) is not fitted bond by bond. Its role
is to state the microscopic variables whose collective coarse-graining definesΨ. The calculations below use the
effective continuum Hamiltonian of Section 2.2.

2.1.3. Invariant fields

The continuum theory is expressed in terms of the hydrodynamic density and bilinear projections of the four-
state field:

Δ𝜌(𝑟) = 𝜌(𝑟) − 𝜌ref(𝑇, 𝑃) (4)

𝑞bil(𝑟) = Ψ†(𝑟)Γ𝑞Ψ(𝑟), 𝑞(𝑟) ≡ 𝑞bil(𝑟) − 𝑞̄(𝑇, 𝑃) (5)

𝑠(𝑟) = Ψ†(𝑟)Γ𝑠Ψ(𝑟) (6)

𝑃⃗(𝑟) = 𝑃0Ψ†(𝑟)Γ𝑃Ψ(𝑟) (7)

Here Ψ† denotes the Hermitian adjoint and 𝑃0 fixes the polarization normalization. The full bilinear 𝑞bil records
the local imbalance between the two torsional-sign sectors. Its homogeneous background 𝑞̄(𝑇, 𝑃) is selected
by the local bond bias and network environment; the centered variable 𝑞 = 𝑞bil − 𝑞̄ is the fluctuation field
used in the response Hamiltonian. Equivalently, 𝑞̄ is the value selected by a conjugate torsional source before
the fluctuation expansion is made; Equation (S12) writes this source-shift relation explicitly. The symmetric
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quadratic fluctuation Hamiltonian is therefore not being asked to generate a nonzero background by itself.
Background contributions of 𝑞̄ are absorbed into the reference density, the crystallinity curvature, and the
background dielectric susceptibility, whereas the centered 𝑞 mediates cross-responses. The matrices Γ𝑞 , Γ𝑠 ,
and Γ𝑃 are given explicitly in the supplementary materials.

The explicit 4 × 4 representation matrices and bounded bilinear domain are given in Section S2. In the diagonal
bond-frame sector, a normalized four-state spinor implies probabilities 𝑤L+, 𝑤L−, 𝑤R+, 𝑤R− ≥ 0, equivalently
1±𝑝±𝑞bil±𝑠 ≥ 0with the correlated signs shown in Equations (S21) and (S22). The centered fluctuation 𝑞 con-
sequently occupies the translated interval allowed by 𝑞bil and 𝑞̄. In the displayed small-amplitude benchmarks
these bounds are not used to regularize a singular quadratic theory; the rounded positive torsional stiffness
defined below provides local stability, while the bilinear bounds function as admissibility and extrapolation
constraints on the parent state space.

The construction from the local four-state basis to the continuum fields is summarized in Figure 1.

local H-bond
O–H⋯O

proton
localization
|L⟩, |R⟩

torsional
sign

|+⟩, |−⟩
four-state basis

|L, +⟩, |L, −⟩, |R, +⟩, |R, −⟩

coarse-grained field
Ψ(𝑟) = (𝜓L+, 𝜓L−, 𝜓R+, 𝜓R−)T

invariant fields
Δ𝜌, 𝑞, 𝑠, 𝑃⃗

effective Hamiltonian
ℋeff = ∫d3𝑟 (𝑓loc + 𝑓∇ + 𝑓EM)

The spinor components
are not fitted directly;
the calculations use the
invariant continuum fields.

(L/R) ⊗ (+/−)

Figure 1.Order-parameter construction. A local hydrogen-bond unit carries proton-localization and torsional-sign informa-
tion. Their direct product gives a four-state basis, which becomes the four-component coarse-grained field Ψ. Solid arrows
indicate the successive construction and coarse-graining steps. The dashed enclosure groups the two local binary factors
whose direct product forms the four-state basis, and the dashed arrow points from the spinor amplitudes to the reminder
that those amplitudes are not fitted directly. The effective Hamiltonian is instead written in terms of the invariant continuum
fields Δ𝜌, 𝑞, 𝑠, and 𝑃⃗.

2.2. Effective Hamiltonian, assumptions, and symmetries

2.2.1. Status of the Hamiltonian

The Hamiltonian used for calculation is an effective mesoscopic fluctuation Hamiltonian,

ℋeff[Δ𝜌, 𝑞, 𝑠, 𝑃⃗] = නd3𝑟 [𝑓loc + 𝑓∇ + 𝑓EM] (8)
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It is not a microscopic electronic Hamiltonian and is not claimed to be an ab initio derivation of water. It is a
Landau–Ginzburg Hamiltonian for centered long-wavelength fluctuations about the calibrated homogeneous
background. Its assumptions are as follows:

1. The relevant long-wavelength variables are Δ𝜌, centered torsional fluctuation 𝑞, crystallinity amplitude 𝑠,
and polarization 𝑃⃗.

2. The free-energy density can be expanded locally in these fields plus leading gradients.
3. Coefficients may depend on 𝑇 and 𝑃, but the same coefficient functions are used across all observables.
4. Only the minimal mixed couplings required to connect density, torsion, crystallinity, and polarization

are retained.

2.2.2. Local terms

After the homogeneous torsional background has been absorbed into the reference density, the crystallinity
curvature, and the dielectric background, the local fluctuation free energy is

𝑓loc =
1
2𝑎

(0)
𝜌 (𝑇, 𝑃)(Δ𝜌)2 + 1

2𝑎𝑞(𝑇)𝑞
2 + 1

2𝐴𝑠(𝑇, 𝑃)𝑠
2 + 1

4𝑏𝑠𝑠
4

+ 𝜆𝜌𝑞Δ𝜌 𝑞 + 𝜆𝑞𝑠𝑞𝑠2 + 𝑔𝑞𝑃𝑞|𝑃⃗|2 (9)

Here 𝑎(0)𝜌 is the bare density coefficient of the coupled fluctuation Hamiltonian, whereas the observed relaxed
density stiffness is defined below. The background crystallinity curvature is 𝐴𝑠(𝑇, 𝑃) = 𝑎𝑠(𝑇, 𝑃) + 2𝜆𝑞𝑠𝑞̄(𝑇, 𝑃).
The first line contains the independent sector costs; the second contains the centered fluctuation couplings.
The term 𝜆𝜌𝑞Δ𝜌𝑞 mediates density–torsion response, 𝜆𝑞𝑠𝑞𝑠2 couples torsional fluctuations to crystallinity, and
𝑔𝑞𝑃𝑞|𝑃⃗|2 couples them to polarization. The associated background shifts proportional to 𝑞̄ are not counted a
second time in Equation (9).

The torsional bilinear is treated as an internal scalar branch coordinate of the hydrogen-bond network, not as
an externally imposed pseudoscalar. The centered expansion therefore permits the displayed mixed terms. A
linear term in the full bilinear is equivalent to the conjugate source that selects 𝑞̄(𝑇, 𝑃); it disappears from the
fluctuation Hamiltonian by construction. Section S2 gives the invariant inventory and states explicitly which
higher-order terms are omitted rather than forbidden.

2.2.3. Gradient and electromagnetic terms

The leading gradient terms are
𝑓∇ = 𝑐1|∇Δ𝜌|2 + 𝛽eff|∇𝑞|2 (10)

where proton kinetics fixes

𝛽eff =
ℏ2

8𝑚p𝓁30
= 3.71 × 10−14 Jm−1 (11)

For 𝓁0 = 2.82 Å, the corresponding high-frequency torsional modulus is 𝐺𝑞 = 𝛽eff/𝓁20 = 4.66 × 105 Pa. The
electromagnetic sector is

𝑓EM = |𝑃⃗|2
2𝜒bg

− 𝑃⃗ ⋅ 𝐸⃗ (12)
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where 𝜒−1bg = 𝜒−10 + 2𝑔𝑞𝑃𝑞̄ is the polarization stiffness after the homogeneous torsional background is absorbed,
and 𝐸⃗ is the applied electric field. The centered coupling 𝑔𝑞𝑃𝑞|𝑃⃗|2 remains in Equation (9).

2.2.4. Immediate consequences and density-stiffness convention

At quadratic order the centered (Δ𝜌, 𝑞) sector is Gaussian. Completing the square gives

1
2𝑎

(0)
𝜌 (Δ𝜌)2 + 𝜆𝜌𝑞Δ𝜌𝑞 +

1
2𝑎𝑞𝑞

2 = 1
2𝑎

(0)
𝜌 ൭Δ𝜌 +

𝜆𝜌𝑞
𝑎(0)𝜌

𝑞൱
2

+ 1
2 ൭𝑎𝑞 −

𝜆2𝜌𝑞
𝑎(0)𝜌

൱𝑞2 (13)

Equivalently, relaxing the torsional fluctuation at fixed long wavelength gives

𝑎rel𝜌 (𝑇, 𝑃) = 𝑎(0)𝜌 (𝑇, 𝑃) −
𝜆2𝜌𝑞
𝑎𝑞(𝑇)

≡ 𝑎EOS𝜌 (𝑇, 𝑃), 𝑎(0)𝜌 = 𝑎EOS𝜌 +
𝜆2𝜌𝑞
𝑎𝑞

(14)

Thus the observed, relaxed equation-of-state (EOS) stiffness derived from the International Association for the
Properties of Water and Steam 1995 formulation (IAPWS–95) [18] is used in the compressibility plot, rather than
treating it as the bare coefficient and reapplying the same correction. The convention prevents double counting
and gives 𝑎(0)𝜌 𝑎𝑞 − 𝜆2𝜌𝑞 = 𝑎EOS𝜌 𝑎𝑞 > 0 whenever the rounded torsional stiffness is positive.

Minimization with respect to density at fixed centered torsional fluctuation gives the linear response

Δ𝜌 = −
𝜆𝜌𝑞
𝑎(0)𝜌

𝑞 +⋯ (15)

This relation describes a fluctuation or externally driven density shift; it is not used to regenerate the IAPWS
background density curve from a symmetric quadratic Hamiltonian. Its thermal derivative is

ቆ𝜕Δ𝜌𝜕𝑇 ቇ
𝑃
= − 𝜕

𝜕𝑇 ൥
𝜆𝜌𝑞𝑞 +⋯
𝑎(0)𝜌 (𝑇, 𝑃)

൩
𝑃

(16)

and is used only when the centered torsional response is explicitly driven, as in a prospective nonequilibrium
extension of the framework.

2.2.5. Shared 𝑞𝑞𝑞-mediated coupling structure

The strongest distinction between the present construction and a completely unconstrained multivariable
Landau fit is not that the displayed monomials are impossible to write otherwise. It is that density, crystallinity,
and polarization couple to the same centered fluctuation of one spinor-derived torsional bilinear. This produces
a shared mediator rather than three unrelated pairwise coefficients.

At fixed 𝑇 and 𝑃, the centered 𝑞-dependent local part of Equation (9) is

𝑓𝑞 =
1
2𝑎𝑞𝑞

2 + 𝑞 𝐽𝑞 , 𝐽𝑞 = 𝜆𝜌𝑞Δ𝜌 + 𝜆𝑞𝑠𝑠2 + 𝑔𝑞𝑃|𝑃⃗|2 (17)

The stationary fluctuation is

𝑞∗ = −
𝐽𝑞
𝑎𝑞

(18)
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and substituting it back gives

𝑓eff𝑞 = − 1
2𝑎𝑞

ቀ𝜆𝜌𝑞Δ𝜌 + 𝜆𝑞𝑠𝑠2 + 𝑔𝑞𝑃|𝑃⃗|2ቁ
2

(19)

Thus the induced density–crystallinity, density–dielectric, and crystallinity–dielectric cross-couplings are not
independent at this order:

𝑓eff𝑞 ⊃ −
𝜆𝜌𝑞𝜆𝑞𝑠
𝑎𝑞

Δ𝜌 𝑠2 −
𝜆𝜌𝑞𝑔𝑞𝑃
𝑎𝑞

Δ𝜌|𝑃⃗|2 −
𝜆𝑞𝑠𝑔𝑞𝑃
𝑎𝑞

𝑠2|𝑃⃗|2 (20)

A generic Landau expansion could assign these three induced coefficients independently. In the present theory
they factor through the same finite torsional susceptibility,

𝜒𝑞(𝑇) = 𝑎𝑞(𝑇)−1 (21)

The corresponding induced coupling matrix is an outer product and therefore has rank one at the retained
order. This is the falsifiable mathematical content of the shared 𝑞-sector proposal: cross-responses involving
density–polarization, density–crystallinity, or crystallinity–polarization mixing should share the same rounded
𝑎𝑞(𝑇)−1 profile unless higher-order, nonlocal, or additional mediator sectors are required.

The present benchmark set does not measure any of these mixed cross-responses directly. Equations (19),
(20) and (21) therefore define a structural prediction of the model rather than an empirical validation supplied
by the figures below. A decisive evaluation would require a fully numerical prespecified 𝑞-sector and response
maps, joint estimation on a calibration set, and held-out measurements of at least two independent mixed-
response channels.

2.3. Parameter determination and calculation workflow

2.3.1. Calibration philosophy

The analysis accounts separately for four classes of quantities: state-function inputs fixed by accepted
equations of state or physical constants; coefficients and effective combinations entering Equation (9);
auxiliary response-shape quantities that map those sectors to a particular frequency-domain or transport
observable; and derived comparison quantities. Only the first two classes define the static Hamiltonian. The
current figures do not constitute a single global fit in which all response maps are prespecified and estimated
jointly; the observable-specific quantities are therefore listed explicitly.

This separation between state-function anchoring, bulk-sector specification, auxiliary response maps, and
sector-level comparisons is essential. Quantities such as 𝑎EOS𝜌 (𝑇, 𝑃), which is tied directly to IAPWS–95, are
not out-of-sample predictions. Likewise, the broadband dielectric spectra use measured 10 GHz normalization
and separately stated composite relaxation times. The current question is therefore organizational rather than
confirmatory: can the same parent field architecture be stated consistently across observables usually assigned
to separate anomaly families, while the rank-one mixed-response structure is retained as a future direct test?
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2.3.2. Coefficient functions

The observed long-wavelength density stiffness is computed from IAPWS–95 [18]; the corresponding bare
coefficient in the coupled fluctuation Hamiltonian is then defined by the no-double-counting relation

𝑎EOS𝜌 (𝑇, 𝑃) = 1
𝜌2(𝑇, 𝑃)𝜅𝑇(𝑇, 𝑃)

, 𝑎(0)𝜌 (𝑇, 𝑃) = 𝑎EOS𝜌 (𝑇, 𝑃) +
𝜆2𝜌𝑞
𝑎𝑞(𝑇)

(22)

The torsional coefficient is represented by a rounded real-valued crossover profile,

𝑎𝑞(𝑇) = 𝑎𝑞0 𝑟(𝑇)𝜇𝑞 ൣ1 − 0.24 𝑟(𝑇)Δ𝑞൧ , 𝜇𝑞 = 1.18, Δ𝑞 = 0.55,

𝑟(𝑇) = ට𝑥(𝑇)2 + 𝛿2𝑥 , 𝑥(𝑇) = 𝑇 − 𝑇W
𝑇W

,

𝛿𝑥 =
Δ𝑇round
𝑇W

, Δ𝑇round = 2 K, 𝑇W = 308.15 K.

(23)

The 2 K rounding scale is fixed to the finite crossover-resolution window used in the profile-sensitivity audit; it
is not an additional fitted exponent or amplitude. With 𝑎𝑞0 > 0, the bracketed factor remains positive over the
247–333 K calibration interval, so Equation (23) has a strictly positiveminimumanddescribes a crossover rather
than a thermodynamic critical point. It keeps 𝑞∗, the induced cross-couplings, the dielectric relaxation map,
and the Gaussian Hessian finite throughout the plotted stable-liquid range. The displayed observables identify
the normalized crossover only through composite response-map factors; accordingly, the rounded profile is
normalized at the same reference temperature and the finite-resolution observable curves are retained. The 2 K
scale should therefore be read as a regularization convention fixed by the resolution of the present calibration,
not as an independently measured critical width.

The nominal shape exponents were selected by least-squares calibration to the combined dielectric/crossover
objective and are held fixed in subsequent calculations [3, 4, 7, 19, 20]. They are strongly covariant because the
broadband spectra identify the composite relaxation map more directly than either exponent. Section S3.4
therefore reports one-at-a-time profile-sensitivity ranges rather than independent Gaussian errors. With the
rounded profile evaluated over 247–333 K and a 2% root-mean-square log-profile tolerance, 𝜇𝑞 = 1.18 has range
1.16–1.20, whereas Δ𝑞 = 0.55 remains weakly identified, with range 0.05–1.20. These are effective crossover-
shape ranges, not universal critical-exponent confidence intervals.

The bare crystallinity coefficient is written

𝑎𝑠(𝑇, 𝑃) = 𝑎𝑠0 + 𝑎𝑠1(𝑇 − 273.15) + 𝜈𝑠𝑃 (24)

while the background curvature used in the phase-sector proxy is 𝐴𝑠 = 𝑎𝑠 + 2𝜆𝑞𝑠𝑞̄. The present phase anchors
identify this effective branch and its slope combinations, not 𝑎𝑠0, 𝑎𝑠1, 𝜈𝑠 , 𝑏𝑠 , and 𝑞̄ separately. Table 1 is therefore
a parameter-and-identifiability ledger rather than a claim that every internal factor has an independently
measured numerical value.

The figures use the following literature/reference inputs. Ambient-pressure density points are taken from
Kell and Smith–Keyes [21, 22]; compressibility data are taken from Millero and from Speedy–Angell [23, 24];
the near-10 GHz dielectric-loss anchor uses Bertolini et al., and the broader GHz–THz spectrum uses the
Ellison supplementary-data compilation distributed through the Electronic Physics Auxiliary Publication Service
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(EPAPS) [19, 20]; the heat-capacity comparison uses Osborne et al., Angell–Oguni–Sichina, and Archer–
Carter [25–27]; and the phase-sector anchors use high-pressure ice and amorphous-ice literature on ice
VI–ice VII–water equilibria, amorphization, and low-density amorphous (LDA)–high-density amorphous (HDA)
polyamorphism [28–30]. The supplementary transport comparison uses the Brillouin-linewidth benchmark of
Koestel and Walther [31].

Table 1. Parameter and identifiability ledger.

Class Quantity Value or implementation Fixed by/data role Status

EOS input 𝑎EOS𝜌 (𝑇, 𝑃) [𝜌2𝜅𝑇]−1 IAPWS–95 density and
compressibility

observed relaxed
stiffness

Core bulk 𝑎(0)𝜌 (𝑇, 𝑃) 𝑎EOS𝜌 + 𝜆2𝜌𝑞/𝑎𝑞
bare coefficient required
by the coupled Gaussian
convention

derived; not refitted

Core bulk 𝑎𝑞(𝑇)
Equation (23); Δ𝑇round = 2 K;
𝜇𝑞 = 1.18 (1.16–1.20),
Δ𝑞 = 0.55 (0.05–1.20)

dielectric/crossover
profile

rounded, calibrated
shape

Background 𝑞̄(𝑇, 𝑃)
homogeneous
torsional-bilinear
background; absorbed into
𝜌ref , 𝐴𝑠 , and 𝜒bg

local bias/network
environment and
phase/dielectric
background

not separately
identifiable

Core bulk 𝐴𝑠(𝑇, 𝑃) 𝐴𝑠 = 𝑎𝑠 + 2𝜆𝑞𝑠𝑞̄
high-pressure
phase-boundary and
amorphous-density
anchors

effective curvature
and slope
combinations
identified

Stabilization/
normalization 𝑎𝑞0, 𝑎𝑠0, 𝑎𝑠1, 𝜈𝑠, 𝑏𝑠

𝑏𝑠 > 0 stabilizes the
even-quartic sector, but its
magnitude and the
remaining internal factors
are not separately
recovered

only normalized 𝑎𝑞 ,
𝐴𝑠 = 0, and slope
combinations enter

signs/effective
combinations only;
magnitudes
underidentified

Core bulk 𝜆𝜌𝑞 1.45 × 105 J kg−1
adopted density–torsion
response normalization;
Figure 2 itself is an
EOS-backed anchor

not independently
identified by the
EOS curve

Core bulk 𝜆𝑞𝑠 1.9 × 106 Jm−3 phase/amorphous-
sector normalization

identified only
through effective
phase combinations

Core bulk 𝑔𝑞𝑃 1.9 × 10−3 JmC−2 near-10 GHz
dielectric-loss scale

calibrated
normalization

Derived
prediction 𝐾ind = −𝑎−1𝑞 𝜆 𝜆T rank one at the retained

order

no direct mixed
density–polarization,
density–crystallinity, or
crystallinity–polarization
dataset is used

untested structural
prediction

Core bulk 𝑐1 1.5 × 10−10 Jm5 kg−2 density-gradient
regularization scale calibrated once

Constant 𝛽eff
ℏ2/(8𝑚p𝓁30);
𝛽eff/𝓁20 = 4.66 × 105 Pa

constants and
𝓁0 = 2.82 Å constant-fixed

Dielectric
background 𝜒bg, 𝑃0

absorbed into dielectric
amplitude/normalization; no
independent extraction
from Figure 3

linear-response
normalization

not separately
identifiable

Dielectric map 𝛼𝜀 0.926 in the displayed
GHz–THz spectra

common
Cole–Cole-type
broadening

auxiliary shape
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Table 1. Cont.

Class Quantity Value or implementation Fixed by/data role Status

Dielectric map 𝜏eff 16.06, 7.61, 3.89 ps at 4, 25,
50 ∘C

effective relaxation map
entering Figure 3 auxiliary map

Dielectric map 𝐶𝜀, 𝜈𝜀
not separately identifiable;
absorbed into 𝜏eff(𝑇) unless
an external 𝜏HB(𝑇)
normalization is imposed

factorized
representation in
Equation (30)

auxiliary
factorization

Transport map 𝛼 0.62
stretched-memory
exponent in the
extended transport
kernel

auxiliary shape

Transport map Γ0(𝑇)
smooth tabulated amplitude
in the archived transport
input

viscosity curve in
Figure S1 auxiliary map

Transport map 𝐶B
effective prefactor
represented by the archived
thermal-conductivity
model-output curve

Bridgman-type closure
auxiliary map; not
separately identified
in the present
archive

Isotope
endpoint 𝜖D

ln(10.4/8.3) = 0.22555;
𝑅𝑇𝜖D = 0.559 kJmol−1

literature Debye-time
ratio; then transferred
to viscosity

input map/
cross-sector
transfer comparison

Core-bulk entries define the static fluctuation Hamiltonian. Auxiliary-map entries convert the static sectors to spectra or transport curves

and are not additional thermodynamic order parameters. The rank-one coupling matrix is a derived prediction and is not fitted to direct

mixed-response data. EOS: equation of state; IAPWS: International Association for the Properties of Water and Steam.

2.3.3. How figures are generated

The calculation workflow is as follows:

1. Evaluate 𝜌(𝑇, 𝑃), 𝜅𝑇(𝑇, 𝑃), and derived thermodynamic quantities from IAPWS–95 where applicable;
2. Evaluate the rounded 𝑎𝑞(𝑇), the effective background coefficients, and the stated couplings in Table 1;
3. Minimize or integrate out the required centered fluctuation sectors of Equation (9);
4. Compute the plotted observables: 𝜌, 𝜅𝑇 , heat capacity, dielectric loss, transport quantities, or phase-

sector slopes;
5. Compare with published experimental/reference datasets using the parameter and response-map roles

reported in Table 1.

No atomistic numerical simulation is used to generate the thermodynamic, dielectric, phase-sector, or supple-
mentary transport curves. No numerical Mpemba solver or threshold-time comparison is reported in this work.

2.3.4. Quantitative comparison metrics

Quantitative residuals between the plotted model/reference curves and experimental/reference data are
summarized in Table 2. Root-mean-square error (RMSE), mean absolute error (MAE), mean absolute percentage
error (MAPE), maximum absolute error, and signed bias are computed after interpolation of each model curve to
the experimental abscissae. The associated reproducibility archive described in the Data Availability statement
contains the figure CSV files, the full per-dataset residual table, and scripts used to regenerate these values.
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Temperature-resolved broadband dielectric metrics, including a peak-window audit, are reported in Table S6.
These residuals quantify the individual sector and response-map comparisons; they do not independently test
the rank-one mixed-response prediction in Equation (19).

The calibration backbone is shown in Figure 2.
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Figure 2. Calibration observables and anchors. Solid curves show the corresponding framework/reference evaluations;
dashed curves show the reference compilation used for calibration; symbols show experimental data. (a) Ambient-pressure
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liquid density from Kell (1975) and Smith & Keyes (1934), including the 4 ∘C maximum [21, 22]. (b) Isothermal compressibility
fromMillero et al. (1969) and Speedy & Angell (1976), showing the nonmonotonic temperature dependence and theminimum
near 46 ∘C [23, 24]. (c) Near-10 GHz dielectric loss from exact 10.00 GHz points and the supercooled 9.61 GHz data
of Bertolini et al., showing the broad low-temperature dielectric enhancement [19]. These three observables define the
displayed ambient-pressure liquid calibration backbone. The density and compressibility panels are equation-of-state
(EOS)-backed calibration anchors rather than independent consequences of the off-diagonal coupling. Phase-boundary
and amorphous-density anchors constrain the effective crystallinity-sector combinations described in Table 1. Subsequent
figures provide sector-level comparisons for heat capacity, broadband dielectric loss, isotope-sensitive transport, and a
derivative phase-boundary proxy; the supplementary materials contain an auxiliary transport comparison. None of these
panels directly measures the mixed cross-responses required to test the rank-one mediator.

The broadband dielectric response-map comparison is shown in Figure 3.
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Figure 3. Broadband dielectric-loss response-map comparison. Dielectric-loss spectra are shown as 𝜀″(𝑓) across the
GHz–THz window at 4, 25, and 50 ∘C. Open symbols are experimental pure-water data from the Ellison supplementary-data
compilation distributed through the Electronic Physics Auxiliary Publication Service (EPAPS) [20]. Each plotted curve is
normalized to the measured 10 GHz loss and uses the temperature-specific composite 𝜏eff reported in the text, with one
common broadening exponent. The comparison therefore assesses the stated dielectric response map without introducing
another dielectric order parameter; it is not an independent validation of the shared-𝑞 rank-one coupling structure. The
construction is given in Equations (29) and (30), with details in Section S4.3.
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Table 2. Aggregate benchmark-error summary for the plotted data.

Figure Observable N RMSE MAE Max. error Units

Figure 2a density 26 0.024 0.021 0.050 kg m−3

Figure 2b isothermal compressibility 31 0.085 0.063 0.188 10−10 Pa−1

Figure 2c near-10 GHz dielectric loss 32 0.635 0.510 1.457 𝜀″

Figure 3 GHz–THz dielectric loss 334 1.369 1.008 5.178 𝜀″

Figure 4 heat capacity 143 0.591 0.345 2.820 J mol−1 K−1

Figure 5a ice VI/VII phase-boundary
proxy pressure 41 1.72 1.03 5.92 MPa

Figure 5b ice VI local
boundary-slope proxy 25 0.028 0.019 0.090 MPa K−1

Figure 5c LDA/HDA density
endpoints 2 0.000 0.000 0.000 g cm−3

RMSE: root-mean-square error; MAE: mean absolute error; MAPE: mean absolute percentage error; LDA: low-density amorphous ice; HDA:

high-density amorphous ice. RMSE and MAE are reported in the units listed in the final column. For Figure 3, the aggregate row is

supplemented by temperature-resolved RMSE, MAPE, and peak-window metrics in Table S6; this separates absolute spectral error from

percentage inflation at low-loss tail points.

The heat-capacity comparison is shown in Figure 4.

240 260 280 300 320

75

80

90

100

𝑇 (K)

𝐶 𝑝
(J
m
ol
−1

K−
1 )

Heat capacity of liquid water

spinor model Osborne et al. (1939)
Archer & Carter (2000) Angell et al. (1982)

Figure 4.Heat-capacity comparison using the prescribed torsional stiffness. Solid line: framework evaluation of the absolute
isobaric heat capacity 𝐶𝑝(𝑇) over 236–320 K. Open circles show stable-liquid benchmark data of Osborne et al. (1939)
[25]; diamonds show Archer & Carter (2000) [27]; and triangles show Angell–Oguni–Sichina (1982) [26]. No heat-capacity-
specific order parameter is introduced; the stable-liquid excess and deep-supercooled rise follow from the decomposition
in Equation (27) and the Gaussian torsional fluctuation term in Equation (28), with details in Section S4.2. This is a within-
sector comparison and does not measure a mixed cross-response of the rank-one coupling matrix.

The calibrated phase-sector proxy and amorphous-density anchors are shown in Figure 5.
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Figure 5.Calibrated phase-sector proxy and amorphous-density anchors. (a) High-pressure ice–liquid reference branches
for ice VI and ice VII. Open symbols show benchmark coexistence points from the phase-equilibrium literature, whereas
the model curves are the calibrated local-instability proxy defined by 𝐴𝑠 = 0 [28]. The dotted vertical guide marks 355 K,
the joining region of the two displayed branches. (b) Local phase-boundary-slope proxy in the ice-VI sector. Open circles
show slopes extracted from the reference branch; the model curve is the derivative of the calibrated 𝐴𝑠 = 0 proxy, and the
dashed guide marks 28 MPa K−1. It should not be read as an independent first-principles Clausius–Clapeyron derivation.
(c) Amorphous densities at 77 K for low-density amorphous ice (LDA) and high-density amorphous ice (HDA). Open
circles denote experimental anchor values and filled squares denote the adopted framework values. Each thin connector
links an experimental anchor to its corresponding framework value; the paired markers are horizontally offset only for
visibility [29, 30]. The annotated density contrast is Δ𝜌 = 0.23gcm−3. Plots (a,c) are calibration/anchor reproductions;
plot (b) is the derivative evaluation of the same calibrated phase-sector proxy. The minimal even-quartic functional and
proxy-slope relations are given in Equations (32), (33), (34) and (35).
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2.4. Disclosure of AI tool use

During the writing of the manuscript, the AI tool ChatGPT (GPT-5.5.) was used for LaTeX organization, code
assistance, and numerical-audit assistance. All AI-assisted output was critically reviewed, verified, and approved
by the author, who takes full responsibility for the accuracy, integrity, and final content of the manuscript.

3. Results

The Results are organized as a sequence of calibration anchors and sector-level response-map comparisons
involving Δ𝜌, 𝑞, 𝑠, and 𝑃⃗. They assess whether the proposed architecture can be stated consistently across
observables usually assigned to separate anomaly families; they are not a cumulative empirical validation of the
rank-one shared-𝑞 mediator.

3.1. Calibration backbone: density, compressibility, and near-10 GHz dielectric loss

The first benchmark is deliberately limited: it defines the ambient-pressure liquid calibration backbone rather
than claiming out-of-sample validation. Density and compressibility are imported through the observed
equation-of-state (EOS) background, while the off-diagonal density–torsion coupling defines how centered
torsional fluctuations perturb that background and participate in cross-responses. The physical compressibility
used in Figure 2 is therefore

𝜅𝑇(𝑇, 𝑃) =
1

𝑎EOS𝜌 (𝑇, 𝑃)𝜌2(𝑇, 𝑃) (25)

with the bare coefficient related to 𝑎EOS𝜌 by Equation (14); the relaxation correction is not applied twice. In the
dilute-vapor limit the same EOS density sector gives

𝛼vap𝑉 (𝑇, 𝑃) ≃ 𝑃
𝑇 𝑎EOS𝜌 (𝑇, 𝑃)𝜌2(𝑇, 𝑃) (26)

The near-10 GHz observable is the dielectric-loss component 𝜀″ of the complex permittivity. It is used because
dielectric spectroscopy in an oscillating field probes phase-lagged polarization response. Thus 𝜀′(𝜔) is the
storage response and 𝜀″(𝜔) is the dissipative response. The single-frequency slice in Figure 2 is a calibration
anchor; the broadband comparison below evaluates a separately stated spectral response map.

3.2. Torsional softening in heat capacity and dielectric spectra

A separate sector-level comparison asks whether the prescribed torsional stiffness can be used in observables
not reducible to the EOS density anchor. The heat capacity is written as

𝐶model
𝑝 (𝑇) = 𝐶(0)𝑝 (𝑇) + Δ𝐶T𝑝(𝑇) + Δ𝐶crit𝑝 (𝑇) (27)

where the last term follows from Gaussian torsional fluctuations,

Δ𝐶crit𝑝 = −𝑇 𝜕2
𝜕𝑇2 ቈ

𝑘B𝑇𝑉m(𝑇)
2 න

|𝑘⃗|<𝑘max

d3𝑘
(2𝜋)3 lnቈ

𝑎𝑞(𝑇) + 𝛽eff𝑘2
𝑎∗

቉቉ (28)
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The reference stiffness 𝑎∗ makes the logarithm dimensionless and changes only a regular additive background.
The cutoff-independent nonanalytic part of the Gaussian fluctuation free energy scales as 𝑎3/2𝑞 ; its second
temperature derivative produces the finite calorimetric enhancement. As shown in Equation (S44), 𝑘max

changes only regular analytic background terms at the coarse-graining scale 𝓁0.

The resulting absolute heat-capacity comparison is shown in Figure 4.

The dielectric spectral extension uses the loss component of the complex permittivity,

𝜀″(𝑓, 𝑇) = 𝜀″10GHz(𝑇)
Φ൫2𝜋𝑓𝜏eff(𝑇); 𝛼𝜀൯

Φ൫2𝜋(10GHz)𝜏eff(𝑇); 𝛼𝜀൯
(29)

with

Φ(𝑥; 𝛼𝜀) = ቤIm ቈ 1
1 + (i𝑥)𝛼𝜀 ቉ቤ , 𝜏eff(𝑇) = 𝐶𝜀𝜏HB(𝑇) ቈ

𝑎𝑞(𝑇ref)
𝑎𝑞(𝑇)

቉
𝜈𝜀

(30)

For Figure 3, the numerical spectra use the composite relaxation times 𝜏eff = 16.06, 7.61, and 3.89 ps at 4,
25, and 50 ∘C, respectively, and each spectrum is normalized to the measured 10 GHz loss. The symbols 𝐶𝜀
and 𝜈𝜀 provide a factorized interpretation only after a separate 𝜏HB(𝑇) normalization is chosen; they are not
independently identified by the displayed spectra. Consequently, Figure 3 evaluates the adequacy of the stated
spectral response map but does not independently identify a common 𝑞-susceptibility or test the rank-one
mixed-response prediction. The full-spectrum RMSE values are 1.203, 1.383, and 1.452 in 𝜀′′ at 4, 25, and 50 ∘C,
respectively. At 4 ∘C the full-spectrum MAPE of 32.6% is dominated by low-loss tail normalization; within one
decade on either side of the observed loss maximum, MAPE decreases to 7.13% (RMSE 1.768). Because absolute
𝜀″ values are larger near the peak, peak-windowRMSE need not be smaller than full-spectrumRMSE; the reduced
peak-windowMAPE is the relevant indication that the elevated percentage error is concentrated in the low-loss
tail. The complete temperature-resolved audit is given in Table S6.

3.3. Isotope endpoint as a cross-sector transfer comparison

An isotope endpoint provides two quantities with different evidentiary status. At 298.15 K, the literature H2O/D2O
Debye-time endpoints 𝜏H ≃ 8.3 ps and 𝜏D ≃ 10.4 ps imply

𝜖D = lnቆ𝜏D𝜏H
ቇ = 0.22555, Δ ln 𝑓pk = −0.22555 (31)

so that the characteristic dielectric-loss peak shifts from 𝑓pk,H ≃ 19.18 GHz to 𝑓pk,D ≃ 15.30 GHz [32].
Interpreted as a collective memory increment, this corresponds to Δ𝐸(D)act = 𝑅𝑇𝜖D = 0.559 kJmol−1, not to
a bare O–H/O–D bond-energy difference. Using the same memory increment in the transport closure gives
ln(𝜂D/𝜂H)pred = 0.2234, compared with the room-temperature endpoint value ln(1.097/0.890) = 0.2091, a
residual of 0.0143 log units, or about 1.4% in the viscosity ratio [33]. The dielectric peak migration is therefore an
algebraic mapping of literature Debye-time inputs, not an independent test of the spinor sector. The nontrivial
component is the viscosity transfer comparison: the dielectric-derived memory increment is propagated
through the transport closure without refitting to the D2O viscosity endpoint. This comparison evaluates the
dielectric-to-transport memory closure; it does not test the static rank-one density–crystallinity–polarization
mediator. Table 3 separates these evidentiary roles explicitly.

Academia Quantum 17

https://doi.org/10.20935/AcadQuant8487
https://www.academia.edu/journals/academia-quantum?source=all-journals-page


2026, Vol 3 10.20935/AcadQuant8487

Table 3. Isotope endpoint at 298.15 K, with the evidentiary status of each comparison stated explicitly.

Quantity Input or observation Derived value/model result Evidentiary role

Dielectric
peak
migration

Literature endpoints
𝜏H = 8.3 ps and 𝜏D = 10.4 ps

𝑓pk: 19.18 → 15.30 GHz;
Δ ln 𝑓pk = −0.22555

Input-derived algebraic mapping
through 𝑓pk = (2𝜋𝜏)−1; not an
independent test of the spinor sector

Viscosity
isotope
ratio

Observed
ln(𝜂D/𝜂H) = 0.2091

Predicted 0.2234 from the same
dielectric-derived memory
increment; residual 0.0143

Held-out cross-sector transfer
comparison for the
dielectric-to-transport closure; not a
test of the static rank-one mediator

3.4. Phase-sector coupling and local boundary proxy

The even-quartic crystallinity sector about the homogeneous torsional background is

𝑓solid =
1
2𝐴𝑠(𝑇, 𝑃)𝑠

2 + 1
4𝑏𝑠𝑠

4 (32)

with
𝐴𝑠(𝑇, 𝑃) = 𝑎𝑠(𝑇, 𝑃) + 2𝜆𝑞𝑠𝑞̄(𝑇, 𝑃) (33)

For 𝑏𝑠 > 0, the condition 𝐴𝑠 = 0 is the local loss-of-stability or ordering-onset line of this minimal even-quartic
sector. It is not, by itself, a derivation of first-order ice–liquid coexistence. In Figure 5 it is used as a
calibrated local phase-boundary proxy against the reference melting branches. Implicit differentiation gives
the proxy slope

d𝑃
d𝑇 = −𝜕𝑇𝐴𝑠𝜕𝑃𝐴𝑠

= −
𝜕𝑇[𝑎𝑠 + 2𝜆𝑞𝑠𝑞̄]
𝜕𝑃[𝑎𝑠 + 2𝜆𝑞𝑠𝑞̄]

(34)

For the displayed ice-VI segment, the evaluated curve uses the local approximation 𝜕𝑃𝑞̄ ≃ 0, so that

d𝑃
d𝑇 ≃ −

𝜕𝑇[𝑎𝑠 + 2𝜆𝑞𝑠𝑞̄]
𝜈𝑠

(35)

A non-negligible measured value of (𝜕𝑞̄/𝜕𝑃)𝑇 would enter the denominator of Equation (34). A genuine first-
order coexistence calculation would additionally require a free-energy form with two competing minima and
equality of their Gibbs free energies; that extension is not inferred from 𝐴𝑠 = 0 here. The reference branch,
derivative proxy, and amorphous-density anchors are shown in Figure 5.

4. Discussion

4.1. What the model organizes and derives

The central contribution is a proposed parent field architecture and the rank-one mixed-response structure
derived from it. The density and compressibility curves define the EOS-backed calibration background; heat
capacity is compared using the prescribed rounded torsional stiffness; the dielectric spectra use an explicitly
stated auxiliary response map; the isotope endpoint evaluates a dielectric-to-transport transfer; and the
high-pressure calculation is a calibrated crystallinity-boundary proxy. These comparisons establish sector-level
compatibility with the architecture, not independent validation of a common mediator. The reduced theory has
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Landau form, but the spinor construction supplies a common bilinear origin, a bounded parent domain, and a
specific factorized 𝑞-mediated response prediction.

4.2. Scope of the anomaly claim

The calculations presented here are calibration anchors and sector-level comparisons; they do not define the
full intended scope of the framework or validate the sharedmediator. TableS9 catalogues 75 anomaly entries. Of
these, 52 (69.3%) are explicitly classified as ledger-only contextualmappings, and theMpemba entry is classified
separately as a prospective nonequilibrium extension with no numerical comparison. The remaining entries
include calibration anchors, derived evaluations, response-map comparisons, and conceptual projections. The
claim is therefore not that every catalogued anomaly has been fitted or predicted, but that the catalogue can
be organized as a research program within one proposed parent architecture.

This distinction separates taxonomic coverage from empirical validation. The current data do not independently
determine the density–polarization, density–crystallinity, or crystallinity–polarization cross-responses required
to test the outer-product matrix in Equation (19). Such a test would require a fully numerical shared 𝑞-sector
and response maps prespecified before fitting, a single joint calibration, and held-out direct cross-response
data. Until that program is completed, the rank-one relation is a falsifiable prediction of the architecture rather
than an experimentally established result.

4.3. Relation to two-state, locally favored-structure, and LLCP descriptions

The present framework is best viewed as a parent order-parameter formulation for two-state and liquid–liquid
critical-point descriptions. In this interpretation, the familiar high-density-liquid (HDL)–low-density-liquid
(LDL) scalar coordinate is not rejected, but embedded as a lower-dimensional projection of the spinor-derived
sectors Δ𝜌, 𝑞, and 𝑠. Existing LLCP, Widom-line, and locally favored-structure approaches show that density,
compressibility, heat capacity, and dynamical crossovers can be organized by emergent scalar structural
modes [6–10]. In the present theory, these scalar descriptions are interpreted as lower-dimensional projections
of the spinor-derived fields rather than as competing order parameters.

A useful way to state the connection is that an effective liquid–liquid coordinate may be written schematically
as Equation (36):

𝑚LL = 𝑐𝜌 Δ𝜌 + 𝑐𝑞 𝑞 + 𝑐𝑠 𝑠 (36)

where the coefficients depend on the observable being probed. Density and wide-angle X-ray scattering
(WAXS)-like observables primarily project onto Δ𝜌 and 𝑠, dielectric-loss observables project onto 𝑞 and 𝑃⃗,
and calorimetric response is sensitive to the softening of 𝑎𝑞(𝑇) through the coupled fluctuation sector. In this
sense, the spinor order parameter is not introduced to discard the two-state picture, but to provide a parent
mesoscopic variable fromwhich density-like, structural, torsional, and polarization observables can be obtained
as different projections.

Recent pump–probe scattering studies, perspective articles, and large-scale simulations of deeply supercooled
water further clarify what remains outside the scope of the present calculation. Reports of high-density-liquid
(HDL)–low-density-liquid (LDL) conversion, small-angle X-ray scattering (SAXS) enhancement, LLCP-like crit-
ical behavior, phase coexistence, or alternative decompression interpretations require explicit treatment of
scattering intensities, correlation lengths, finite domains, and crystallization pathways [3–5, 10, 12, 13]. The present
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work does not claim to compute those time-resolved WAXS/SAXS signals directly. Instead, it establishes the
lower-dimensional bulk Hamiltonian and its thermodynamic, dielectric, and phase-sector projections.

The projected-coordinate connection to conventional critical scattering is direct at Gaussian order. Let
𝜙⃗ = (Δ𝜌, 𝑞, 𝑠)T and 𝑚LL = 𝑐T𝜙⃗. Expanding about a homogeneous state gives

𝐹2 =
1
2෍

𝑘⃗

𝜙⃗(−𝑘⃗)T ൣ𝐴 + 𝐾𝑘2൧ 𝜙⃗(𝑘⃗) (37)

so the projected structure factor is

𝑆LL(𝑘) = ⟨|𝑚LL(𝑘⃗)|2⟩ = 𝑘B𝑇 𝑐T ൣ𝐴 + 𝐾𝑘2൧−1 𝑐 (38)

If one soft eigenmode dominates, Equation (38) reduces to the Ornstein–Zernike form

𝑆LL(𝑘) ≃
𝑆LL(0)
1 + 𝜉2𝑘2 , 𝜉2 = 𝐾soft

𝐴soft
(39)

Thus LLCP/two-state scattering variables can be treated as projections of the spinor-derived (Δ𝜌, 𝑞, 𝑠) sector.
Computing absolute SAXS/WAXS intensities, Porod domains, or time-resolved conversion pathways remains a
future extension rather than a claim of the present benchmark set.

4.4. What remains phenomenological

Several parts of the construction remain phenomenological. The rounded coefficient function 𝑎𝑞(𝑇), the
homogeneous background 𝑞̄(𝑇, 𝑃), and the effective phase curvature 𝐴𝑠(𝑇, 𝑃) are not derived from an ab initio
electronic Hamiltonian. The dielectric spectral comparison uses auxiliary shape parameters and temperature-
specific composite relaxation times, and the supplementary transport curves use additional response-layer
closures. These features define the model’s present status: it is an effective organizing architecture with
a derived, falsifiable rank-one cross-response prediction, not a jointly fitted and independently validated
shared-mediator theory.

A natural next step is to compute the mesoscopic coefficients from atomistic or electronic-structure trajec-
tories rather than fitting them at the continuum level. In an ab initio molecular-dynamics (AIMD) or neural-
network-potential (NNP) workflow, one would assign local bond-frame projectors corresponding to 𝑝𝑖 , 𝑞𝑖 , and
𝑠𝑖 , coarse-grain them to 𝜙⃗ = (Δ𝜌, 𝑞, 𝑠, 𝑃⃗), estimate the distribution 𝑃(𝜙⃗), and recover a local free-energy surface

𝐹(𝜙⃗) = −𝑘B𝑇 ln𝑃(𝜙⃗) (40)

The stiffness matrix would then follow from the Hessian 𝐴𝑖𝑗 = 𝜕2𝐹/𝜕𝜙𝑖𝜕𝜙𝑗 , while the gradient coefficients could
be extracted from the small-𝑘 behavior of the corresponding structure-factormatrix. The crystallinity amplitude
𝑠 can be anchored in such trajectories by regression against a standard local tetrahedrality metric, for example
the Errington–Debenedetti orientational order parameter 𝑞t, using a near-homogeneous calibration such as
𝑠 = 𝐶𝑠(𝑞t − 𝑞(0)t ) + 𝒪[(𝑞t − 𝑞(0)t )2]; determining the mapping coefficient 𝐶𝑠 is an atomistic calibration problem
rather than an additional main-text fit [34]. This route would turn the present mesoscopic closure into a bridge
from electronic-structure or machine learning simulations to experimentally measured bulk response.
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4.5. Solution, confined, and interfacial extensions

Solution, confined-water, and interfacial studies point to related but distinct extensions. Supercooled aqueous
solutions that undergo reversible liquid–liquid-like transitions show that hydrogen-bond spectroscopic states
can change discontinuously when crystallization is suppressed [35]. Confined-water work shows that geom-
etry, surface chemistry, and electrostatics reshape hydrogen-bond topology, dielectric response, vibrational
spectra, crystallization, and transport [36]. Interfacial simulations likewise connect anomalous surface tension
to competing hydrogen-bond orders at and below the surface [37]. Separately, the Mpemba experiments of
Tang et al. [38] provide a possible future benchmark for a nonequilibrium extension, as discussed in supple-
mentary Section S5; no numerical threshold-time comparison is reported in the present work. The solution,
confined-water, and interfacial observations motivate future surface, solute, and boundary-field extensions of
the present Hamiltonian, but they are not treated here as direct validations of the bulk parameter set.

4.6. What would falsify the spinor interpretation

The most direct falsification criterion is the mixed-response structure itself. If measured density–polarization,
density–crystallinity, and crystallinity–polarization susceptibilities cannot be described by one common
rounded 𝑎𝑞(𝑇)−1 factor after a single joint calibration, the rank-one shared-mediator proposal fails at the
retained order. Additional warning signs would be incompatible temperature dependences in heat-capacity
and dielectric response maps, or failure of the calibrated phase proxy once 𝑞̄(𝑇, 𝑃) is measured directly.
Equation (31) records the literature-anchored dielectric mapping from 19.18 to 15.30 GHz at 298.15 K; the linked
viscosity calculation is a limited held-out transfer comparison, not a test of the static outer-product matrix.

5. Conclusions

This article proposes an internal protonic pseudospinor as an organizing parent order parameter for the anomaly
landscape of liquid water. The construction begins from a local four-state hydrogen-bond unit carrying proton-
localization and torsional-sign information. Its full torsional bilinear is separated into a homogeneous background
and a centered response field; the latter enters a stable, rounded Landau–Ginzburg fluctuation Hamiltonian
together with density, crystallinity, and polarization sectors.

The principal theoretical result is the factorized outer-product coupling matrix obtained after eliminat-
ing the centered torsional fluctuation. It predicts that direct density–crystallinity, density–polarization, and
crystallinity–polarization cross-responses should share one finite susceptibility 𝜒𝑞(𝑇, 𝑃) = 𝑎𝑞(𝑇, 𝑃)−1. The
present figures do not measure those mixed responses and therefore do not validate the rank-one mediator.
Instead, they document EOS anchors, sector-specific response-map comparisons, an isotope-to-transport
transfer comparison, and a calibrated phase-boundary proxy.

The framework is intended to organize the anomaly landscape catalogued in Table S9, but most ledger entries
are contextual or prospective rather than quantitative tests. In particular, the displayed 𝐴𝑠 = 0 construction
is a calibrated local phase-boundary proxy; a first-order coexistence theory would require competing free-
energy minima and equality of their Gibbs free energies. The Mpemba anomaly is treated only as a prospective
nonequilibrium extension; no numerical threshold-time comparison is presented.

The next decisive step is a prespecified joint analysis of direct mixed-response data. Pressure-dependent
dielectric and densitymeasurements, structural/scattering proxies for crystallinity, field-dependent polarization
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responses, and direct atomistic estimates of the torsional background could determine whether the inferred
cross-coupling matrix is approximately rank one. Failure of those held-out channels to share the predicted
𝑎𝑞(𝑇, 𝑃)−1 structure would require extension or rejection of the proposed architecture.
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